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Pressure-distributionexpressionsandstabilityderivativeshave
beenderivedby useoflinesrtheoryforzero-end-platetriangular
verticaltailswithsubsonicleadingedgesperformingrolll.ng,yawing,
andconstant-la.teral.-accekrationmotions.Correspondingresultsfor
thesides13pmotion,mostofwhichhavebeenpreviouslyreported,are
alsoincludedherein.

Considerationis givento theeffectofendplatesontheforces
actingontheverticaltail. Stabili@-derivativeformlasfora
verticaltsdlinthepresenceofa completeendplateobt&ed from
wingresultsarealsopresented,togetherwitha suggestedapproxima-
tionforpartial-end-plateeffects.

Theaerodynamicdampingofthelateraloscillationinyawis
approximatedtothefirstorderinfrequencyfromthedsmpingofthe
yawingandconstant-lateral-accelerationmotions.Illustrativevaria-
tionsofthestabili~derivativesforthespecial.caseofthehal.f-
deltatailforallthemotionsconsidered

INTRODUCTION

areincluded.

lhformationavailableatpresentthatpertainsto theaerodynamic
forcesactingonvsrioustailarrangementsis,inmsmyinstances,insuf-
ficientto alMw theaccuratepredictionofthelateraldynamicbehavior
ofaircrafttrave~ngatsupersonicspeeds.Theoretical.resultsnow
availableare,forthemostpart,concernedwithtailconfigurations
eitherin a rollingorina sideslipattitude(seerefs.1 to H).
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sideslipmotion,theeffectsofI@chnumberandaspect
aerodynamicloadsof a nuniberoftdl configurationswith
twoplanesof cross-sectionalsymmet~havealreadybeen
extensively.Thesameeffectsontailarrangementsina

,.

.

roUingmotionhaveaMo receivedconsiderableattentionbutithas,in
themain,beendirectedtowardtailstithtwopMes of symmetrysuch
EU3cruciformsrr~nts. Additionaltheoreticalanalysisdevotedto
theevaluationoftheMch nuniberandaspect-ratioeffectsontheforces
andmomentsactingontailsystemsinrollwithoneplaneof cross-
sectionalsymmetryisre@red.

Te3.1arrangementsperforminga steadyyaw3mgmotionor a constant-
lateral-accelerationmotionhavereceivedMttle attentiontodatein
theliterature.Yettheforcesandmomentsproducedby thesemotions
areby nomeansnegligible,andsomeindicationoftheirmagnitudesis
necessary,particularlyat supersonicspeeds,inordertoevaluatetheir
relativeimportanceonlateralst~ility.

Theprimarypurposeofthispaperistoprovidethepressure-
d.istributionexpressionsandcorrespondingstabilityderivativesfor
isolatedtriangularverticaltaih withmibsonicleadingedgesper-
formingyawing,rolling,andconstant-lateral-accelerationmotions.
Someoftheseresultsinturnareusedto appro-te to thefirst
orderinfrequencythedampingoftheverticaltailoscillatingin
yaw (onedegreeoffreedom).

A secondaryobjective,intiewofthegeometricnonplanarcharac-
teristicsoftailarrangements,isto giveconsiderationtotheestima-
tionofthemutualaerodynamicin@rferencethatexistsbetweenthe
verticalandhorizontaltails.h thisconnectionthestabili~deri-
vativesfortheverticaltailinthepresenceof a completeendplate
havebeenincluded.

Forcompleteness,resultsfortheno-end-plateandcomplete-end-
plateverticaltai~ ina sidesMpmotionobtainedfromreferences9
andU arealsopresented.

S-YMBOIS

Thepositivedirectionsoftheforces,moments,velocities,and
singlesareshowninfigue 1.

X,y,z coordinatesoffieldpoint

0;=-

.————— —.
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B

coordinatesofdoublet

distancesoriginisdisplacedrelativeto tailapex

time

incrementalvelocityinx-direction

y-componentofveloci@

z-componentofveloci~

free-streamveloci~

speedof sound

rollingangularveloci~

yawingangularveloci~

angleof attack

rateof change

sideslipangle

rateof chauge

fluiddensi~

of a withtime “

of ~ wlthtime

free-stresmdynamicpressure,+pV2

pressuredifferencebetweenoppositesidesofa surface

K constantdeterminingdegreeofhomogeneityof quasi-
conicalvelocityfield

# veloci~-potentialfunction

%1 potentialofsupersonicdoubletdistribution

—. ———..__
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$% potentialof

x steady-state
sideslip

Q steady-state
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lineofdoublets

potentialcorrespondingtounitangleof

potentialcorrespondingto”unityawing
velocityaboutz-axis

A(x,Z ) dofilet-strengthfunction

f(a) line-doublet-distributionfunction

% spanofverticaltail

k vertical-tailarea

b %2 2Caspectratioofverticaltail,— = —
% l--R

E apexangleoftail

c tangentof apexangle

R ratioofslopeofleading

trailingedgeoftail,

k= 1- dx~
BC

edgeoftailto slopeof

1 2BC-—
B%

E’(BC) completeelJ3pticintegralofsecondldndwithmodulus

K’(BC)

E‘(k)

completeelMpticintegraloffirstkindwithmodulus

/1- (1- B%2)sin2n

campleteelJipticintegralofsecond

/1 - (1- k2)sin2n

.

kind

an

withmodulus

,

—
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.

K’(k)

M,N,M’,N’

m=mc

7

completeelXpticintegraloffirstkindwithmodulus

mJ”’2 h -
0

~’- (1- k2)sin%

constants

infinitesimallysmallquantity

‘1- B2C2
G($C)=

(1- 2B%2)E’(BC)+ B%2K’(BC)

x- B2ZU

%

Cy

1- B2U13

rolling-moment
Row moment

coefficient,
q%%

Yawingmoment
yawing-momentcoefficient,

%%

Sideforceside-forcecoefficient,
q%
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Subscripts:

P rollingcondition

r yawingcondition

P sideslipcondition

6 constant-laterai-accelerationcondition

o zero-end-plate”configurateon

c complete-end-plateconfiguration

P partial-end-plateconfiguration

SCOPE

Derivedinthispaperareexpressionsforthesurfacepressure
distributionson isolatedtriangularverticaltailsperformingyawing,
rolling,andconstant-lateral-accelerationmotions.Thesepressure
expressionshaveinturnbeenusedto calculatethestabilityderiva-
tives~sociatedwiththesideforce,yawingmoment,androllingmoment
dueto constantyawing

(~rJ %r) ~d CZr
)’ (

Comtmt ‘om~ ~p,

)
Cnp,and C1P, andconstantlateralacceleration

(
Cy~j Cn~,aIld

)
cl..
P

AJEOpresentedaretheaerodynamiccoefficientsCyP, ~p, and

c2P obtainedfromthesideslippressure-distribution

inreferenceU. Stabili@derivativespresentedfor
tailoffigure1 mountedona completeendplateare

expressiongiven
thevertical

a triangulsr-

verticak-tsil-end-plateconibinationmaybe derivedfromthepressure
distributionsgiveninreference9. Thisequationhasnotbeendeter-
minedandonlycurvesof C2$ takenfromreference9 fora vertical-
tail-complete-end-plateconibinationwithtrailingedgesperpendicular
totherootchord(seefig.2)arepresented.

ThestabiliQderivativespresentedhereinsrevalidwithinthe
limitsof13.nesxtheoryfora rangeofI@chnumbersforwhichtheleading
edgeissubsonicandthetrailingedgesupersonic.VariationsofalJ
thestabilityderivativeswiththeparameterBC arepresentedfor”a
triangularverticaltailwithzerotrailing-edgesweep(half-deltatail).

.

—— ——. — —— . .
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AIiAIxsIs

Theaxessystemusedintheanalysisandthepositivedirections
oftheforces,mbments,velocities,andanglessreshowninfigure1.
Thepositivedirectionsoftheforcesandmomentsintheanalysissys-
temhavebeenfixedto conformtothepositivedirectionsoftheforces
andmomntsinthestabili~axessystem(seefig.3(a)).Thestabili&-
derivativeexpressionsarederivedintheIm3yofthereportwithrespect
totheanalysissystemwhoseoriginis attheapexofthetail. Transfer
formulasarepresented,however,whichallowthesederivativeexpressions
tobe determinedfora systemofaxeswhoseoriginisdisplacedlongi-
tudinallyandverticallywithrespecttotheapexoftheverticaltail.
(Seefig.3(b).)

Theensuinganalysisisbasedon13nearizedtheoryandtheresults
arerestricted.toverticaltailsof zerocamberwithsurfacesofvan-
ishinglysmallthSckness.Theseconditionsimplicitlystipulatethat
theresultsme va13donlyforsmallangles-ofsideslip,smalJrates
of changeofthesideslipanglewithtime(~motion),andlowratesof
rollingandyawing.

Throughouttheanalysis,whenthe_potentislof a surfaceinthe
xz-planeisreferredto,itis consideredtobe thesurfacepotential
onthesideoftheverticaltailwhoseoutwardnormalisintheposi-
tivey-direction;thatis,

,,

*,

andfora surfaceinthew-plane,

~ @=@(%Y,o+)

Pressuredifferencesbetweenoppositesidesof a surfaceareformulated
aEfollows:

Fora surfaceinthexy-plane,

& =P(x,y,o+)- P(x,y,o-)

andfora surfaceh thexz-plane,

AP =P(x,o+,z)- P(x,o-,z)

.

—. — --—— - —_
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DeterminationofPressme-DistributionExpressions

forYawingandRollingMotions

A methodforsolvingsupersonic-flowboundary-valueproblems
governedby theclassical,linearized,partial-differentialequation

hasbeendevelopedinreference12 andan applicationto rollingand
pitchingtriangularwingsisgiveninreference13. Thismethodallows
thepredictionofthedisturbance-potentialfunction~, andhencethe
pressuredistribution,forplanarliftingsurfaces.Theanalysisgiven
inreference13isbrieflysummarizedhereinandisappliedto the
determinationofthepressuredistributionssndassociatedforcesand
momentsactingon a triangularverticaltailsurface(fig.1)performing
rolJ@gandyawingmotions.(Yawinginthexz-planeis analogousto
pitchinginthe~-plane.)

Thedeterminationoftheformofthevelocitypotential.- As is
well-known,thepotentialsofboththesupersonicgourceandthesuper-
sonicdoubletandtheirdistributionsrepresentsolutionsofequation(l).
Forthedeterminationofthepotentialsandpressuredistributionsof

.

ldftingsurfacesofthetypeconsideredherein,thatis,forlLfting
surfaceswithsubsonicleadingedges,it iswell-hewnthata distribu-
tionofdoubletsthatuniauelysatisfiestheprescribedboundarycondi-
tionsmustbe determined.Theseboundaryconditionsonthevertical
tailforthemotionstobe consideredhereinareasfollows:

On thero~g verticaltail,

v= pz=xp:==g (2)

andontheyawingverticaltail,

-v =-Ix (3)

Inaddition,thefollowingrelationsmustbe validonthesurfaces
ofthetail:

.

..————__— __ ——-— —— —.— —. .—. .
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Fortherollingmotion,

andfortheyawingnmtion,

a~)
r—= o

ae

(5)

(6)

()a2 y
‘r

&32 ‘0 (7)

Thepotentialin spaceproducedby a distributionofdoublets,for
example,inthexz-plane,withthedoubletaxesnormalto theplaneis

~(x,y,z)= ~ J&s

-A(xl,zl)dXldzl
(8)

(X- X1)2 - B2(z - Z~)2 - 132y2

wherethearea S istheregionofthexz-planeinterceptedby the
foreconefromthefieldpoint(x,y,z).

Thepotentialonthesurfacecsrryingthedoubletdistributionis
givenby

p

—

@Jx,z)~ = y~~ $ -A(xl,zl)dxldzl
—

s /(x-x~)2-B2(z- z~)2-B~2—

.

(4)

–—— —-—.
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As statedinreference13,thissurfacepotentialisdirectlypropor-
tionaltothedoublet-strengthfunctionA(x,z);thatis,

Thesurface-pressurevelocityU(X,Z)thereforeis

%$(x,z)@) . .X ~A(x,z)
u(x,z)~o =

h-h

andtheHnesrizedIlfting-pressurecoefficient

AP 4u(x,z)r._
—=
~ v

maybewrittenas

g . M ~dx, z)

~ Tax
Theproblemtobe consideredinthispaper

sidewashonthesurfaceisprescribed(seeeqs.

(9)

(lo)

(U)

(12)

is oneinwhichthe
(2).and(3))andthe

surfaceveloci~potentialhastobe determined.Thedoublet-strength
functionA(x,z)thenisanunlmownandthedeterminationofthis
quantityreqyiresingeneralthesolutionofanintegralequation.~
somecasesthegeneralformofthesurface-potentialfunctionA(x,z)
islmownorcanbe obtainedby invertinganintegralequation.The
problemthenresol=ssimplyintoanevaluationofthearbitrarycon-
stantsofthegeneralsolutionby maldnguseoftheprescribedboundary
conditions.

BrownandAdamsintheiranalysisoftriangularwingswithsubsonic
leadingedges(ref.13)wereableto determinethefunctionA(x,z)for
thesewingsundergoingvariousmotionsby utiLLzingtheconceptthatthe
conicalpropertiesoftheproducedflowgaverisetopotentialssmd
pressuresinthecrossflowplanesthatweresimilarin formtothe
potentialsandpressuresactingonflatfinitesegmentsin a two-
dimensionalflow;thesesegmentscorrespondto a sectionofthewingin
anycrossflowplane.ThisremarkableconnectionbetweenLinearized
supersonicconicalflowand.incompressibletwo-dimensionalflowisdis-
cussedbyBusemsmninreference14.

.,

.

— .—-—— — .-—— .—
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A moregeneralandrigorousapproachto obtainthedoublet-strength
functionmaybe formlatedfromananalysispresentedin a laterpaper
by IamaxandHeaslet(ref.15)dealingalsowith,conicalaudtheso-called

.

quasi-conicalproblems.~ thisanalysisa generalsurface-pressure-
coefficientexpressionhasbeendeterminedforplanarliftingsurfaces
withprescribedboundaryconditionsoftheform

v.-

This expressionis

()Xttg ; (13)

b~e1
(14)

~(c - 0)(0 - cl)

K is determinedby thebound~-
conditionequation(eq.(13)),“~ ~ ~ cl me t~ t~ent~ oftie
apexanglesofthetwopanelsoftheliftingsurface.When Cl = C,
theliftingsurfaceis symmetricalabouttheconmonrootchordofthe
twopaneb,andwhen Cl # C,theliftingsui?faceisasymmetricalabout
thischord.Fromequation(12),whichrelatesthefunctionA(x,z) to
thepressurecoefficient,smdequation(9)theformof A(x,z) or,
synonymously,theformofthesurfacepotential,msybe obtainedby a
simpleintegration.Itshouldbe mentionedatthispointthatrefer-
ence15presentsa meth6dforderivingthearbitraryconstantsbi in
thepressurecoefficied(eq.(14)).WS methodiSre~tedtot~t of
reference13whichconcernsitselfwithobtainingthearbitraryconstants
intheveloci~potential.

By applicationofequation(14)totheboundaryproblemofthe
verticaltailsketchedinfigure1 (Cl= O) andby notingfromthepre-
scribedboundaryconditions(seeeqs.(2)and(3))that K = l) the
pressurecoefficientforboththeyawingandrollingmotionsis

(15)

The constant bo inthisexpressionmt be Setequ~ to zero~ Order
to satisfytheconditionthatalongthestreamwiseedgethepressure
mustbe zero.
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Theveloci~potentialontheverticaltailsurfaceiseasily
obtainablefromthepressureexpressionby theformula

<

andhasbeenfoundtobe

(16)

where

f(:)= f(e)= (~ + Nc)f~j (17)

Thearbitraryconstantsintheso-calleddistributionfunctionf(O)
are,intermsof bl @ b2Y

v ~1N=——
~B 3C2

By relatingequation(16)toequation(9),thedoublet-strengthfunc-
tion A(x,z) isseentobe

()A(x,z)= x2f; (18)

A comparisonofthepotentialofequations(16)and(17)@ the
potentialobtainedfortheslender,rolling,verticaltailreported’in
reference5 shows,asexpected,thatbothme ofthesameform.

EvaluationoftheconstantsM and I?.- TheconstantsM and N
intheexpressionsforthevelocitypotentialgivenby equations(16)
and(17)arestiU tobe determined.As indicatedpreviously,the
expressionforthepressuxecoefficient,andhencethevelocitypoten-
tial,canbe determinedcompletelythroughanapplicationofthepro-
ceduresdevelopedinreference15;however,manyoftheintegrations
andintegratingproceduresreqtiredinthemethodinreference13were
alreadylmowntotheauthorattheinceptionORthisprojectand,for

...— —.—. .— —. —-— ——— - --- -.——– ———
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thisreason,thesmalysishereinto determinetheconstsmtsM and N
closelyparallebtheproceduresdiscussedinreference13.

ThedeterminationoftheconstantsM and N dependsuponsatis-
fyingtheboundaryconditionsassociatedwiththeverticaltailforthe
rolJ.ingandyaw5ngmotions.Theseboundsryconditionssregivenby
equations(2)to (7). Theneededexpressionsfortheprescribedveloc-
itiesandtheirderivativeswithrespectto e intermsofthedis-
tributionfunctionf(u) arederivedin appendixA.

FortherollingmotiontheconstantsM and N my be obtsined
by replacingf(a) by itsequivalent(eq.(17)) tithe equationsgiven

inappendixA for v/x and H andthenapplyingtheboundary
ae

conditionsgivenbyequations(2)and(4). Whentheintegrationshave
beenperformed,theresultingequationsmaybe solvedsimultsmeously
for ~ and ~. Theyawingconstantsareobtsinedin a 13kemanner
withequations(3) and(6) replacingeqmtions(2)and(4),respectively.

Jhthecalculationofthequantitiesv/x and W, anyval.ue
&l

of e msybe considered.Itisadvantageousforintegrationpurposes
to letthisvalueof (3be zero.Howenr,sinceoneofthe13mitsof
integrationiszeroandsincein severaloftheintegrandsa singulsr
pointefistsat e = u = O,theintegrationsinwhichthesesingularities
occurmustbe performedfor e arbitraryandthen e issetequalto
zero.

Substitutingequation(17)intoeqmtion(A4)gives,,for e equal
to zero,

1r[cv -3(1.Bu+NBC)&(EC-—.- 1BU)ti-1m+2(~U+ ~C)h~) @u) +
x

Bo (1- B2132)5/2 (1- B2u2)2

“m{ [
r

(e-q)(~ut+~)~~)(l -B%)2_d(Ba)+~~
9+0 ll+o o (1- B%2)2(Bu- M )2

&Tc (W + IW-C)$iii)(l - B% )2~i ~(Ba)

B B(9+q) (1- B%2)2(Bu- l?i3)2

(19)

.— ——. ..— ——
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Carryingouttheintegrationsinequation(19)yields

-v -YI—=
x {[K’(k)2k3M+ ti2(l+ k2fl-

B/=(1 - k2)2

E’(k)[ij(l+k2)- R(1- 41#+k4~
}

where

k=l-@B2C2

and
BC

. (20)

(21)

m= NBc=Iv =
l+k2 ‘

Theseintegrationswereaccmqlishedwiththeaidofthetablesin
references16and17andarediscussedinappendixB. .

Substitutingthedistributionfunctionintoequation(A5) results
in,for e

Ilm

L (1-BZW)512 13BU(MBU+ mc)b~
d(Bcr)+

(1- B%r2j’

(MEw+NBC)&(lX- Bu) .(w{[B(e-n) M (mu + NBC)&(BC- EM)Je+o q+o o i’==b - ~ )2 /1=(1 - B%2)(Bu-M)

(Bu- E3)3

(MEIu+ NBC)@u(EC- Bu) 2(M9u+ NBCjV(13a(BC- Buj 1- @~)-
J

2ES(MES3+ NBc)@GEG 2~4B%% + WBC(3M- 2N)+ NB%qllx

BTI- -
})

(22)
Bq@i3(EJ.3- BC)

——- -— —
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.

Byperforming.theinte~ationsinequation(22),thefollowing
expressionisobtained:

.
E’(k)(2M&- 2M-iik- 2Mk4--&~ (25)

Considertherollingcase;thatis, M=%, N=~, andfrom

W sxe,for 9 =0, equaltoOeqqations(2”)and(4) v/x and
&

and p,respectively.Solvingequations(20)and(23) for ~ and ~,

with fi=B~= ~ :&, Np,@=s “

-P~~2(l + ‘2)K’(’)+ (1-4’2 + l&E’(k~

% = %~k%’(k)2+ ‘2(1+ ‘2)K’(’)X’(’)+ (2-’2)(1- 2k2)E@ ’24)

3’2[@K’(k)-
%=

p(l+ ‘2) (1+ ‘2)E’(’j

c 12JC-l#K’(k)2+ k2(l+k2)K’(k)E’(k)+ (2- ‘2)(1- 2’2)E’(’)2

(25)

Fortheyawingcase M=%, E= *
l+k2

Nr,andfromequations(3)

a(v/x)r= oand (6) .;= -r d Solvingequations(20)and(23)
&“

simultaneouslyaftermaldngtheseWbstitutionsyields

Brk~=C@K’ (k)- (1+ k2)E’(kfl

‘r= ti~&’(k)2+ &(l + k2)K,(k)E’(k)+ (2- ‘2)(1- 2k2)E’(k)~’26)

. ————— —
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Iir=
3/2~2(1+ k2)K’(k)- 2(1--Br(l+k2) k2+ @)E’(kjj

—

L%ck-l#K’(k)2+k2(l+ k2)K’(k)E’(k)+ (2- k2)(l- ~2)~’(k)~

.
(27)

Itis convenientforplottingpurposesandinexpressingtheaero-
d.ynsmiccoefficientstomake.thefollowingdefi@tiom: .,.

(28)

sothat ~’j Nr’j ~’, ti .%’ arefunctionsof BC only.The
variationsofthesefourparameterswith BC me showninfigure4.

ThevelocitypotentiaUfortherollingandyawingmotions,com-
pletelydefinedbythevelocitypotential(eqs.(16)and(17))andthe
constantsgiveninequations(2J-),(24),(5), (26),(w),ad(28),
msynowbewrittenas

~ =px2(~’0+~’c)~~j (29)

and

(30)

_ . .. . .—— ..— ._._ —. .— —..———.
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Thepressurecoefficientsfortherollingandyawingmotionsfound
fromequations(2$1),(30),(10),and(U.)are .

()AP .2 B$CZ2+3c%@a - q’zp

-IP v ~Gj

and

(g) ~r ~’czp + 3c%r’xz- Xlvr’zp
=—

DeterminationoftheSurface-Pressure-DistributionExpression

forConstsmtI.&eralAcceleration

Thelateral-acceleration~ motionistime
governed
equation

by equation(1)butby thelinearized
forunsteadysupersonicflow:

.
Theboundaryconditionforthe~ motiononthe
approximatelyinthe y = O ptie, is

(3U

(32)

dependentandisnot
partial-differential

.

(33)

tail surface,whichis

(*)

Thepotentialfunctionsatisfyingequations(33)and(3) msybe obtained
fromthe&potentialfunctiongiveninreference18forawing inthe
Xy-pbe w~chwas inturnobtsinedfrcmm analysisby Gardner(ref.19).
Thispotentialftmctionis

(35)

.
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where ~ isthesteady-statepotentialcorresponding
velocityaboutthez-axisand X is thesteady-state

19

to a unityawing
potentialcorre-

spondingtoa unitamgleof sideslip.Thusitis seenthatthepotential
functionforthe$ motionmaybe writtenintermsofthetime-independent
solutionsalreadyobtained.Itshouldbenotedthatequation(35)dif-
fersfromtheformulagiveninreference18by twonegativesigns,one
beforethewholeexpressionandonebeforethesecondtermwithinthe
brackets.Thesetwosigndifferencesarenecesssryto accountforthe
factthattheboundmyconditionsforthep and~ motions

V=pv

v = ~vt

sreoppositein signtothoseforthea and& motions

w= -ciV

w . -&..t

Thesesigndifferencesontheboundaryconditionsfortheanalogous
motionsrequirethattheirpotentialsandpressuresbe ofopposite
sign.

Thepressure
time t = O from

distributionfora time-dependentmotionatthe
thelhearizedBernoulM’sequationis

(36)

Equation(36)in conjunctionwithequation(35)yields

. ...—..—.— —.—
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Thepressurecoefficientforthesides~pmotionmsybe obtainedfrom
referenceU as

{(2$Z 24C7F

()
Al? . . )

(38)
G BE’(k)~=

ThereciprocalofthecompleteelUpticintegralE’(k) appeari~in
equation(38)isplottedinfigure4 forvariousvaluesofleading-edge
sweepparameterBC.

Theexpressionfor X, theonly&antityinecpation(37)U Yet
undetermined,canbe obtainedby substitutingequation(38)with ~ = 1
into

andcarryingouttheindicatedintegration.Thisprocessgives

(39)

x. - ‘L(1--)h~) (40)
BCE’(k)

Thepressurecoefficientforthe~ motionisnowcompletelydefinedby
equations(32),(38),(37),and(40).

Force@ MomentCoefficientsfor .“

Zero-End-PlateTriangularTails

Withthepressuretistri~tio~~~ (eqs● (31)) (32)>(37)>~d
(38)) thetot~ sideforce,yawing
momentabouttherootchordcanbe
by thefornm.las

Sideforce=

moment.ibouttheapex,androlling
determinedforthevariousmotions

(41)

. ..—
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Yssdngmoment= q
J

AP Xdzdx
~T

Rollingmomnt = q
J

AP—Zdzax
%q

(42) “

(43)

Theforceandmomentcoefficientsandthestabili~derivativesmsybe
readilyobtainedfromthesequtitiesforzero-end-platetriangular
tslb andaregivenintable1.

ForceandMomentCoefficientsforComplete-End-Plate

TrimgiLarTaiIE

I?orthesideslip,yawing,andconstant-lateral-accelerationmotions
thepressuresactingontheverticaltailinthepresenceof a complete
endplatearethesameasthepressuresactingonone-haUof a symmet-
ricalwingfortheangle-of-attack,pitching,andconstamt-vertical-
accelerationmotions,respectively.Eachhalfofthis_triCdw@j
shouldhavethesameplanformastheverticaltailtier consideration.
Forthesideslipmotionthepressuresontheverticalandhorizontal.
taib witha partialendplatehavebeenreportedinreference9.

Attentionisnowdirectedtotheeffectofendplatesonthesta-
bilityderivatives.Forthecase.ofthecompleteendplatethefollowlng
vertical-tailderivativescanbe obtainedfroms.xmnetrical.-winuresults

neededto change
tailderivatives

thesymmetrical---derivativesintothesevertical-
are:

‘ ExpressionforCyP= -(ExpressionforC% withA replacedby 2AV)

Expressionfor~B =
,

ExpressionforCyr=

Expressionfor%=

-4 “— X (expressionfor~ withA replacedby 2&)
3AV

3: (— X ExpressionforC~ withA replacedby ~)

-& X (Expressionfor%q withA replacedby ~)

..- ——-—— -—— —
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ExpressionforCy=~ = ~ x (~ressionforC% withA replacedby ~)

-8 xExpressionfor%B =—
9AV2

It shoul.dbenotedthatthe

(meressionfor~ withA replacedby &
)

abovecoefficientsobtainablefromwing
resultsdonotincludetherollingderivativesCzp, Czr,sndcz~.

Beforetheseaerodynamiccoefficientscanbeevaluated,therolling
momentinducedontheendplatemustbe determined.Thismomentfor
the~ motionhasbeenderivedinreference9 buttheinducedmoment
fortheothertwomotionsme notyetlnmwn.

RESUIESANDDISCUSSION

General

TableI containstheformulasforallthep, r, p, and~ stability
derivativesforthetailshuwninfigure1. TableIIpresentsthese
derivativesforthehalf-deltatail(thespecialcaseof zerotrailing-
edgesweep,AVB= 2BC).Thevariationsofthesehalf-deltaderivatives
withthe~arsmeterBC havebeenplottedinfigmes5 to10. Itis
evidentfromtablesI andIIthattheexpressionsforthe~ derivatives
havebeenseparatedintotwocomponentpsrts,eachpartbeingmultiplied
by a differentfunctionofthel&chnuuiberparmeter B. Eachofthe
components,excludingthisfactor,is a functionof BC. Figures6,7,
and8 showthevariationofthetwopartstith BC foreachofthe
~ stabilityderivatives.OncetheWch numiber,sndhence B, hasbeen
specified,thetwopartsmaybe caibinedandthetotalderivativedeter-
minedforanygivenaspectratioor leading-edgesweep.Forthereader’s
conveniencethevariationsofthe~ st~ili~ derivativeswithMch num-
berfora numberofaspectratiosofthehalf-deltatailhavebeenplotted
infiguresU, 12,and13. l&chnunibervariationsoftheotherl@.f-
deltastabili~derivatiwsmsybe obtainedbyinspectionfromtheir
variationwith BC.

Side-forceandya~-moment coefficients(asobtainedfromref.20)
ofthe~,~,sndr motionsforthecomplete-end-plateverticaltaib have
beenpresentedin tableEEC. As inthecaseforthezeroendplate,the
complete-end-platestabilimderivativesforthehalf-deltatailare
presentedina separatetable(table~). me qtities l/E’(BC)@
G(BC)appearingintheexpressionsforthecomplete-end-platestability
derivativeshavebeenplottedinfigure14.

—. —
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Itshouldbe realizedthattheforceandmomentsgivenby equa-
tions(41),(42),and(43) andthestabili~derivativesint-&l& 1,
II,III,andIVareforsxislocationsatthetailapexandrootchord.
Formulasforthetransferofforceandmomentcoefficientsto a body
systemofaxeswiththeorigindisplaceda distanceX. (positive
forward)fromthetailapexanda distanceZ. (positivedownwsrd)
fromthetailrootchord(seefig.3(b))arepresentedintableV.

End-PlateEffectforSidesMp,Yawing,and

Constant-Lateral-AccelerationMotions

Figures17to 1.8havebeenpreparedto show,forthehalf-delta
tail,theeffectof a completeendplateontheside-forceandyawing-
momentaerodynamiccoefficients.Itisevidentfromthelargemagnitude
ofthedifferencesbetweenthetwolimitingcasesofa completeend
plateandno endpl.ateshowninthesefiguresthata reasonableestima-
tionofthepartial-end-plateeffectswouldbe highlydesirable.Wd-
plateeffectsforvarioussizesofhorizontaltai~ forthesideslip
motionhavebeenevaluatedexactlyinreference9 butarenotpresented
herein.Thefollowingapproximateformulasfortheside-forceandyawing-
momentstabili~derivativesbasedonthesepartial-end-plateresults
aresuggested:

(%)!?=(~p)c-p%).-(%)JJ
where

F (WC - (%)P

= (Cy,)c- (%)0

_ ———. .— —— ..—
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Ithasbeenmentionedpreviouslythattheeffectofendplateson
therolling-momentcoefficientshasonlybeenevaluatedto dateforthe .
sideslipmotion(ref.9). Byusingthere6ultsofreference9, figure19
hasbeenpreparedto showthevariationwith BC ofthestabili~deri-
vativeCz

P
forbotha half-deltaverticaltailmountedona complete

endplateandanisolatedI&f-deltaverticaltail.Alsoplottedin
thisfigurearethevertical-tailad end-pl-aticontributionstothe
Czp derivativeofthecomplete-end-plate-mrtical-tailcombination.

Partial-end-plateeffects
verticaltailperforming~ and
tionssimilartoequation(44)
endplatetothetotalrolling

ontheroll@g-momentcoefficientsof a
r motionscannotbe approximatedby equa-
sincethecontributionofthecomplete
momentforthesemotionsisunknown.

End-PlateEffectsonRoUlngMbtion

~ theanalysisofend-plateeffects,complete-end-plstestability
derivativeswereevaluatedby usingwingresults.Thistreatzmmtwas
possiblebecauseinthesideslip,yawing,andconstant-lateral-
accelerationnmt;onsthecompleteendplateactsonlytoupholdthe
loadinginthesamemannerasoneU of a wingdoesontheadjacent
half. Thecorupleteendplateona roUingvertical.tailwith,ofcourse,
theeddplaterollingwiththeverticaltailcausesa sidewashinthe “

planeoftheverticaltailwhichcanresultinlargeinducedloads,
dependingonthesizeoftheverticaltailrelati=to theendplate.
Thisis anend-plateeffectveryclifferentinnaturefromtheonee~eri- “
encedinthesideslip~ ya~~ andcomtan..latiral.-ceerationonmotions
wheretheendplatedoesnotcausea side-h m theplaneofthevertical
ta. Clearlythenthecomplete-end-plate%oundarycanonlybe esta-
blishedby sol- thedifficultnonplanarproblem.However,someidea
oftheend-plateeffects~ be obtainedby consideringtheresults
showninreference5 forslendernonplanartails.Reference5 shows
thatforratiosofvertical-tailspanto end-platespangreaterthan
0.75theverticaltdl doesnotexperienceanylargechangesinloading
duetotheendplate.ThisfactsuggeststhepossibilitythattheMach
numberandaspect-ratioeffectsontheisolatedroUinntail(fig.9)
mightbe appliedtotheslender,nonplanar,vertical-tailloadingsof
configurationswithratiosofthevertical-tailspantoend-pbtespan
greaterthan0.75toyieldgoodestimates(froma theoreticalviewpoint)
ofthesideforceandyawingmoment.

Aspect-ratioandMachtier effectsontherollingisolatedtail
areapparentfromfigure9. Thes- effectsfora ro.Ug wing,which
maybe thoughtofas anendplatewitha zero-spanvertical.tail,are
illustratedinreference13. h bothcasesthemagnitudeoftheforces
canbepredictedwithin10percentby slendertheoryup toleading-edge

.-
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sweeppsmmetersBC of0.5. Itisnotunreasonableto expectthat
thesameagreementwouldexistfornonplanartailarrangementsaslong
asthesweepoftheleadingedgesofthepanelsoftheconfiguration
satisfythecondition

(BX Tangentof apexangleofpanel)<0.>

LateralOscillatoryMotion

Ithaslongbeenthepracticeto estimatetheaerodynamicdamping
oflongitudinallow-reduced-frequencyoscillationsof Mftingwingsfrom
thedau@nginpitchanddsm@ngofthevertical-accelerationmotion.
An analogousapproximationmayobviouslybe usedforisolatedvefiical
tailsurfacesoscillatinglaterallyinyaw;thatis,thelateraldampi@
canbe estimatedfromtheresultsobtainedfortheyawingandconstant-
lateral-accelerationmotions.Thisapproximationwhichrepresentsthe
first-orderfrequencytermsisgivenby Cnr- ~~.

Figure20hasbeenpreparedtoshowthevariationwithMachmxiber
ofthisdsmping(~r - ~6) forhalf-deltatailsof aspectratios1.0,

l.~,snd2.0witha compl=teendplateandwithno endplate.Theyam
axisfortheseexsmplesislocatedatthetailapex. tiorderto illw-
tratetherelativemagnitudesofthetwoterms,the Cn~ contribution
isabo plottedinfigure20. Itshouldbe keptinmifiin comparing
theno-end-platedampingwiththecomplete-end-platedampingthat Cnr
is alwaysgreater(more~gative)fora verticaltsllwitha completeend
platethanwithno endplateandthatforanygivenaspectratio Cnr
willdecrease(beconwlessnegative)astheMachnuuiberisincreased.

(Notethatnegativevaluesof Cnr- Cn~ indicatepositivedamping.) -

Forthe & = 1.0 tailshowninfigure20(a),thetotaldsmping
ofthecomplete-end-plateverticaltailisgreaterthsnthatoftheno-
end-phteverticaltail.Thisoccurseventhoughthe(-%~)contri-
butionforthecompbte-end-platetailispositiveand“ther&fore
detractsfromthetotaldsmptig,~r + - “ j whereas me - ● con-

(%) (%)
tributionof thezero-end-plate~ = 1.0 tailis sllghtlynegative
overtheMch numberrangeforwhichthetheoryisvalidandhenceadds
tothedamping.Astheaspectratiois increasedfrom1.0to1.5
(fig.20(b)),thedampingofthecomplete-end-plateverticaltail
decreasesata morerapidratethanthedampingoftheno-end-platetail
totheextentthatthetotaldsmpingforthecomplete-end-plate~ = 1.5
verticaltailisnows~ghtlylessthantheno-end-platetail. This
ch~e maybe attributedtothefactthatthe(-%B) contributionto the
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.complete-end-platetsildsmpingincreasesmorerapidly(becomingnmre
positive) thanthe (-Q. componentoftheno-end-platetail.Figure20(c) .

forthe & = 2.0 verticaltailshowsthatthedaqdngofthecomplete-
end-plateverticaltailcontinuestodecreasemorerapidlytk forthe
no-end-plateverticaltailsothatthecomplete-en&platetaildsmping
becomesconsiderablylessthanthatoftheno-end-platetail.

Thedampingderivativesplottedinfigure20,aspointedout,sre
foran axislocationatthetadlapex. Inordertodepicttheeffect
ofmovingtheyawingaxisforwsrdfromthispetit,dampingderivatives
havebeencomputedfortheaspect-ratio-l.~tailwitha yawingaxis
located1 chordaheadofthetailapex(fig.21). Thesecomputations
havebeenmadewiththeaidofthetransferformulasintableV. A
comparisonoffigures20(b)and21 showsthatthedampingquaUtiesof
thecomplete-end-plateverticaltailrelativetothezero-end-plate
verticaltailwereconsiderablyimprovedby rowingtheyawingaxis
fOrwsrd. Thisimprovementcanbe accountedforby theappearanceof
theB derivativesinthetransferfommlafor Cnr.

#

Pressure-distributionexpressionsandstabili~derivativeshave
beenderivedforzero-end-platetriangularverticaltailsperforming
yawing,rolling,andconstant-later~-accelerationmotionsby a method
forsolvingsupersonic-conical-flowboundary-valueproblems.In addi-
tion,by usingtheyawingandconstant-lateral-accelerationresults,
thedsmpingofa verticaltailoscillatinglaterallyinyawhasbeen
approximatedtothefirstorderinfrequency.End-plateeffectshave
beendiscussedandsuggestionsmadeto aidintheirevaluation.In
thisconnectionthecomplete-end-plateandno-end-platestabili@deri-
vativesforthesideslipmotionobtsinedfromothersourceshavebeen
considered.

Thepressure-distributionexpressionsandstabili~derivatives
containedinthisreportarevalidfora rangeofMachnunibersforwhich
theleadingedgeis subsonicandthetrailingedgesupersonic.

.

kngleyAeronauticalWoratow,
NationalAdvisoryCommitteeforAeronautics,

=ey Field,Vs.,August10,1954.
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APPB’?DIXA

DEVELOP- OFEQJATIONSRELATINGTHEV-W~ ‘IOTHE DISTRIBUTION

FUNCTIONf(u) INTHE y = O PLANE

Equation(8)givestheexpressionforthevelocitypotentialevery-
whereinspaceresultingfroma distributionofdotiletsinthexz-plane
withthestrengthofeachdoubletinthisdistributionbeinggovernedby
thedoublet-strengthfunctionA(x,z). Thederivativeofthisvelocity
potentialwithrespectto anyoneofthecoordinatesx, y, or z wild
givetheperturbationvelociwinthatdirection.Ofprimsryinterest
hereinisthev-veloci~,orthey-derivativeofthispotential,that
is,

%(x,y,zj
V(x,y,z)=

+

forpointsonthexz-plane.BrownandAdamsin

(Al)

reference13havecon-
structedthevelocitypotentialin spaceof a distributionofdoublets
by use,ofthefollowingprocedure.Firstjby usingeqpations(8)and
(18),thepotentialofa lineofdoubletsinthexz-planeat anangle

where

tothex-axisisdetermined.~s potentialis givenby

B2y(x- B2az)

((~- B2a2)5/23

7=

)7+coth-ly- —
72-1

x- B2az

/===/x2-- B2(Y2+ 22)

Thevelocitypotentialofa distributionofline
ontheverticalt~l, withstrengthsgovernedby
tion f(u) maythenbewrittenas

rc

.

doubletsinthexz-plane,
thedistributionfunc-

(A3)

-1 cwhere tan = e,theapexangleoftheverticaltail.

.

-..———-—————. —
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Substitutingeqmtion(A2)intoequation(A3)anddifferentiating
withrespectto y yieldsthefollowingeqnationforthev-veloci@
as Py/x approacheszero:

‘{ [r(e-d ~f(u)~a~(l - B20G)2-v-=
x ,q+o o (1- B2a2)2(Bu- M )2

~f (u)(1- B20Q)coth-l~+

(1- B21y2)5/2

]@~)+g+q,pyn::’:;)2-2Bf(c)m2

(1- B2cr2)2

~f(a)(l- B209)coth-~ 12Bf(u)ti-~
d(Ba)-

2f(e)/~2

(1- B2u2)5/2 + (1- B%2)2 v
}

(A4)

Thesingularitywhichoccursinthe ~ termofequation(A2)when

y issetequalto
ref.13).

By takLngthe
respecttoe,two
intheappendixof

72-1
zerohasbeenaccountedforinequation(A4)(see

firstandsecondderivativesofe~ation(A!+)tith“
otherusefulrelationsme obta$.ned.Theyaregiven
reference13as

-%%f(u)cot.h+ B2(ZU+ 2W +B3B%2)f(u)+ EQB2f(u)

(1- B~)5/2 - W(1 - B2$)2 =(Bu - ~ )2-

B2f(~)
]@.)+ &+q,[:(:Q2-

‘2#f(u){li

6=(1 - B%2)(Bu- ES)+ (BL?- B13)3

B2(mu+ 2ES+ EE3B2#)f(a)+ -F53B2f(u) B%(u)

/i==(l - B2u2)2 f’1=2(Ba - E@)2- -(1 - B%)(Bu - ES)+

(A5)

.

.

.- — — — .-
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and

J’BC6I&i &’f(u) ~(Ba)

B(Q+~)(Bu-E@4 -

(A6)

a2(v/x)
Thefactormultiplyingthe f“(9) termoftheexpressionfor

&2
asitappesrsinreference13is slightlyinerrorsmdhasbeencorrected
inequation(A6).

Consideringequations(5)and(7),it isevidentthatequation(A6)
mustbe zeroforboththerollingandyawingcases.Thisequationhas
alreadybeensatisfiedbyf(e) (eq.(17)),sinceequation(A6)isin
essencetheintegral.equationwhichwasinvertedtoobtainthegeneral
pressureexpressionfromwhich f(e) wasderived(seeref.15).

.



30 NACA‘TN5240

APPENDIXB
.

IMTWRATIONSTO OBT!iDTV/X

Theexpressionfor v/x is,for (3 approachingO (seeeq.(19)),

o1
1

BC
v

H

-3(MW+ -NBC)~iitanh-qli-=— +
XBO (1- B~2)5~2

o2
12(MBu+ ~C)/Ba(BC- Bu)~(Bul+

(1- B%2)2

i [~

@
(9-V)(ma + mc)~=~(l - B2d3)2md(Bu) +

linlmlll
e+o * E.

(1- B2u2)2(Bu- W )2
-

@
BCr (W+NBC)tBU(BC- Ba)(l- B2U9)2~id(Ba)

‘JB(e+rJ (1- B%2)2(Ba- Be)2

o4
*(MM + NBc)@s@=-R--) Jli

B2V —
}

(Bl)

Thisexpressionhasbeenbrokenintopartsasindicatedby thecircled
nuniberswiththethirdpartbeingbrokenintotwoadditional.parts@
and@ becauseofthesingularityintheintegrand.Since@ and@
sreelement~ integrationssimilartothosefoundinmostintegal
tables(seeref.16),ox @ isdealtwithindetsil.
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Performingtheintegrations

{
11- B292J(2M39+~)@3(BC -E@

IIlrM(-7133Bc-2+loEQ-Bc) +ii(4-7Bc+4B9- B9BC)]+

8~i(1 - w)

[m M(-2- 10B3+ BC - WBC) + ii(-4 + 4EW- WC + B8BC)]
1

where i = NBC. Thefirsttermof
andthetotalof@, @, and@

[

~ M(2+ BC)- ii(4 - WC)
s m

J
(B2)

oexpression(B2)exactlycancels4 ,
for f3-O is

1+ M(-2+ BC)- ii(4 + ~C)

G
(B3)

followingtwointegraMcomprising~ remaintohe evaluated:

J’-3 ‘c
TO

lEWV$u(BC- Bu)tanh-l/l~%(Bu)

(I- B2a2)5/2

(B’4)

Itshouldbe mentionedatthispointthatthe
sions(~) and(B5) srefiniteandcontinuous
BC andthereforemustyielda finiteqqanti~

integrandsofexpres-
overtheintervalO to
whenintegrated.

(B5)

———. —
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Theintegrationofexpression

1
BC

-Mb~)tanh-11!~2 +

L B(I-B21#)3/2

‘c~)d(Ba)
Jo Bu(l- B2a2)2.1

-Jo

(B4)by partsgives

(B6)

titegrationofexpression(B5)by partsgives

~fi~i)tmh-l~~~Bc-~ tiCtmh-1~li2d(Ba) -

L

ro

3/2
J

d
B2u2]3/2~~BBu(l- B2U2) o 0 2BBa(l-

fif13u(BC-Ba)d(Ba) (B7)
BB2~2(l - 332~2)2

Conibining

o1
=

expressions(B6)and(B7)resultsin

r-(mlr+ i)b~tmh-1 iiTi@7Bc

Thefirsttermof
zeroorinfinity.

2BBU(1

equation(B8),
Theintegrand

- B2a2)3’2-) ‘-”

whenevaluatedatthelimits,iseithero .
of 1 aswas,notedis finiteoverthe

.

— —.
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wholeinterval;therefore,infinitiesintroducedasa resultofparts
integrationsmust,intheend,cancelthemselves.

Thesecondtermofequation(B8)is anelementaryintegrationwhich
whenevaluated(withinfinitiesneglected)yields

( -4i - 5iGc+ 2M+ 3MBCfi2M+4i L3mc-5@c - ,
iii 4=C

) (B9)

It isnowconvenient
to introducethevariable

inintegrating
substitution

il + BC /

thethirdterminequation(B8)

(B1O)

sothat BC and k arerelatedby

‘Be. ‘_ (Bll)
.

Thethirdtermin
bewritteninthe

where

.

.

equation(B8)whentransformedby equation(BIO)msy
form

11=
J
k M(l+ & ~(cjdc

-k 1-!2

J

k
12=- k(M+ ‘ii)F(tJd~

-k

J
k !&(l+ k2)+ 3–ii

13= .-k F(~)d~
1-C2

(BI.2)

---———.—. —---—— .— =____
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14 J’k=
-k

l’W!ATN 3240

si~-inequation(BU?)isneglected-until
thesethreec~onentsbecome

11+13+17’
-Mk(l+ k!%

1-F

allthecomponentsme totaled,

‘ii(l+ k2jti

1- k2

Considertheintegrationrequiredfor 12,thatis,

—

(B14)

.
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Let ~= k sine; then

/st/2

35

expression

r—

(Bib)becomes

1

I 1/(1- k2)(l-
tamh-1

1

k2sin%) ~
1 + k2sine

J-3r/2 . ~~

Itcanbe shownthat

tall-l
~1- k2sin%L 1 + &sin e -1

Thi6factWows expression(B15) tobe rewrittenas

Theintegrandofthesecondintegralissnoddfunction;therefore,
theintegrationbetween-Ye/2and Ye/2ofthisfunctioniszero.Since
theintegrandofthefirstintegralisanevenfunctionin e, this
integrationmsybe expressedas

(B18)

..—. .. . . . . . ..-. ——— . ———... —.
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Aftertheinversehyperbolictangentisreplacedby itslogarithmic
equivalentandtheadditionalvariabletransformation

l-k2&2v =. (B19)
1- kas~~

isintroduced,expression(B18)becomes

J’Yr/2 lo& l+sinv

C@sin-l- 1- Sinv
dv (B20)

isin2v- (1- k2)

Itis convenientto let

A= sin-’=

_ thesesubstitutionsinexpression(B20)gives

J
7(/2

logel+sinv

A 1- sinv
(B21)

whichisexactlyintheformofthefourthintegrationformulaof
table335inreference17. Thisformlagivesthevalueofexpres-
sion(B21)as fiK’(k).Theintegrationof 12 maynowbe expressedaE

12= -k(M+&3)fiK’(k) (B22)

Usingthesaneintegratingprocedurefor 13Y ~> ~d u asjust
out~nedfor 12 andtheintegrationformulasinlxibles335and336
ofreference17leadsto

13=
&(l + #) + 3iik5jYt~+ K’(k)- E’(kfl

l-k2
.

.

-.— — — .—
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14+16 =fifi(l- k2)k211
{ .}
-(1-k2J,~2,~ -~(l-k2)k%K’(kj-

where

third

- &

= {-(l-k%:+}isa completee~ptic integralof the

kindwithmodulus~ andparameter-(1- k2).

Summingallthevarious
equation(B8),includingthe
expression:

partscontributingtothethirdtermin
comnonfactor,givesthefollowing

fiE’(k)[W~+Mk(l+k2fl

l-k2
+ ‘iik%(l- k2)~

}

Theadditionofexpression(B23)toexpression(B9)completely

~J.uates@o @ 0>@> ~dression(B3)givestheevaluationof 2
. Beforewritingthetotalintegration,thesumofexpressions(B23),

(B9),and(B3),itisdesirableto conibineexpressions(B3)and(B9),
whicharefunctionsof BC,andtransformthemby equation(Bll)to
functionsof k. Thisprocedureyields

Il(ifkp+ M13)
(B24)

B(1+ k2(l- k2)
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Thetotalintegrationmsynowbe writtenintermsoftheparsm-
eter k as

-Jc (K’(k)[@M + ‘&(l + k?)j- E’(k)C* + Ms(1+ k2~ + “
B{l=(l - k2)2

‘ii(l- k2)211
}

Byuseoftheprocessccmmonlyhewn asinterchangingtheamp~tudeand
psmmeter(seepp.133to 141ofref.21)theelldpticintegralofthe
thirdMnd appesringinequation(B=) isfoundtobe equivalentto
E’(k)—. Thisoperationpermitstheexpressionfor v/x (eq.(B25))tok2
assumetheformgiveninequation(20)inthebodyofthereport.

— — .—— .
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FORCOMPIJEI!E-END-PUTE

.1-

HAIF-DELT!AVERTICALTAIIS*

1- B2C2 1LG(BC)= J(1- 2B%!2)E’(BC)‘+B%%’ (BC)

Derivative Formula

()B CYPc .
-3(BC
E’(BC)

()
4X

c% c “ 3E’(BC)

()cYrC
2rG(BC)

()
c -31(BG(BC)
nr C 2BC

()cY~c [
~ -G(BC)+ 1 1[+21-G(BC)+ 2
B2 E’(BC) 13E‘(BCj

()
c -m
‘~ c [

~-G(BC) + 1 1[-~-G(Bc) + 2
E’(BC) 13E‘(BC)

*(c@c canbe obtainedfromreference9.

._ —.— —_— -— —
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Stabili@derivativesina Formlasfortransferto a bodysystemof
bodysystemofaxeswith axeswithorigindisplaceddistances~
originattailapex (positiveforward)and Z. (positive

downward)fromtailapex

CYp CYp “

%$ %-2%

c1
P

=C
‘% + bv ‘B

%p” Cyp

%
- ~ Cyp

‘c% bv

c%
Clp+ * Cyp

Cyr % CyCyr- —
bvP

2

( )()
‘Cn+Cyr+ v B

% cnr-~ p :x Cy

c2~ Czr+ :CYr-5c2 -~~cy~P~~p

%~ Cy=
P

c%
cn~~ : Cyb

,
cl.
P

Czfi+ ~ Cyj
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Figure4.-Variationoftheparameters
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.5 .6 .7 .8 ..9 Lo

BC

Nr’BC,~’, ~’, h$’,ad
ofuseincomputingtheno-end-
tablesI andII.

.—



.:

I

I

o ./ .2 .3 .4 .6 .6 .7 .8 .SJ Lo
Bc

Figure 5.- Variation of the zero-end-platehaH-delta vertical-ti~l
Otabil.ityderivative (@r)o - (CZ=)O ~dWestai~~-

‘W(%)O
derivative puxmder With tk leading-edge sweep

B
parameter BC.



.,

I
I

I

ul
m

IPi& 6.- Vexiation with N! of the quantities
K )]
ti~olyd 9

s

‘2 E%)J2
for ths haU-delta tail. Note that the stabili~

(Cy~)O is given by the mm of Cy. o and Cy. o p.

H
derivative

K )] g )]
w

P1 P !F
o

I



I

I
I

Figure 7.- K )1-$olmd
Variation with BC of tk q.mtities _

B

B ~~b)o]2 for the half-delta tail. Note that the stabi13iiy

derivative (~p)o b)]
is given by the sum of C

01 and
~ )]
Cn.o
B 2“



,.

0
BC

. Hgure 8.- Vexiation with BC of the quantltiea
Dld

B2 Czb ~ ~

II )1cz~o a for the half-delta tail. Note that the stability-d~tiva-

‘iw (C’i)o
iBgiven~the sumof

K P)]
cl old

II H%i o a“

!3
u
10
4=
o



1.
I

I

,

i-
0

1
I

I
I

/.
E
.E2
u

(Cnp 8
/c

.8

-8 (c’@o
.6 /

-B (C+).
/

.4 / ‘
/

/ ‘

/ / ‘

.2 /
/

/ 0-/ ‘

0 ./ .2 .3 .4 .5 .6 .7 B .0 . Lo

f5c

Figure 9.- The mriation of -Bflp)o? -B(wp)OPd @.J. ~th ~ U
u

for the half-delta tail.



2.& 4

2.4
/

/

, @n@Jo
i

2.0 /
/

,

/.6 /
“ B (c~~

/ /4

L2 / /

/
/

.8

/
/

.4 / ‘ / ‘
/

/

o ./ .2 .!3 .4 .5 .6

8C

IY.gure lo.- The variation of ‘B@Lp)OJ -B(@p)oJ

EC for the half-delta tail.

.7

alla (%Jo with

.Q

x

/0 ‘2



z

I

I

-1

c

/

2

I

(cd”3
4

L5

e

7

/
/“

/ .3.0

/
/ -.&

[fl/d Fge d scale
/A .4. o

/

1/

~ ----- \

‘A..75 ---.5

0
2.4 2B 32 W 40 44

,Mach numbe~

Lo 4/ /.2 L9 /.4 /6 /0 [7 m /.9 ‘.2X2 2./ 22 28

IWu& numbw

Figure lJ..- The variation of ‘ Cyj ~
()

with kkch number for a number of

aepect ratios of a hti-delta tail.

w
!&
o

x’

I



(Cnp)o

I
-/

— . . -2.0

\
\

/

C?

/ ,3

2

Mach nu/nbaP

1075
/.q /.26

— — —1. I
— — /.0’

.76

— - — — — — —

.s

— —
— ~

— .

Figure 12.- ‘Thevariation of C ~ with
(%0

M /9 20 2/ 22 2A .B
Q

Mach number for a rmiber of w
N

‘aapectratios of a haH-delta tail.

.



.
#

3.C

25

z-c

(c2@)0L5

.5

0

-.5

./

/.5

o

(C+).
:/

Enlarge d Scale

:2
2.0 2# 28 3.2 3.6 40 4.4

Mach number

I I I c.U I L75 L:
\ I I I I [ 1 I !E_LLL.o

-
5.

Figure 13. - The variation of
()
%; 0

aspect ratio8 of a

with &h number for a nuder of

half-delta tail,



60

.9

.8

.7

.6

.3

NACATN 32k0

0 ./ .2 .3 .4 .5 .6 .7 .8 .9 Lo

Bc

Figure14.- Vmiationofthepar=ters l/E’(BC) and G(BC)with BC.
Thesecurvesareofuseincomputingthecomplete-end-platestability
derivativesgivenintablesIIIandIV.

.

— .-



6

42

./ .2 .3 ,4 .5 .6 ,7 .8 .9 10

/9c

Figure 15. - Complete-~d-plate end nc-end-plate boundaries of the stability

derivative Cyr and the stabikLty-&rivatim parameter -Kc
B %“



Figure 16.- Complete-end-pl.atead no-eml-plateboundaries of the

m []
qumtities B2 Cyj p and. Cy. Note that the derivative C-y”

p 1“ P
is given by th9 sum of

~]c% 1 m m c% 2“

R’

,



I

.

(s -~ -,

/.0

,5-
z

~ — — .

0
\ ~ \- q?c;d)d

,5
\

Lo
\ , ~ -

/ / ‘

tip -/,5 / ‘

-2.0
0 ./ .2 .3 .4 J ,6 .7 .8 ,9 Lo

Bc

Figure 17.- Comple_&-end-plate and no-en&plA.e boundaries of the

K WJ
quemtities B C .

[98
ti xc. . Note that the derivative Cn”

2 B 1 P

is given by the sum of
ma
%i ~ mlc% 2“



P

2

/

0 ./ .2 .3 ‘ ,4 .5 .6 ,7 .8 .9 Lo ~

6C

Figure 18. - Complete-end-plateand no-end-plateboundaries
stabili~ derivative c% and the stabiMty-derivatim

.

—



z

I

. -.8

Horizontal-tall.’

,’

Vertical- tail
contribuflon 7’0 0(C16 )C. .

.,

-2.4 1 I I I I I I I I I
o ./ .2 .3 ,+ ,5 .6 ,7 .8 .9 /, o

BC

Figure 19. -
( J q%),)@ t~ horizontal-am

Variation of B CZ OJ

()
verticdl-tdl contributlona to B Cl~ ~ with W.

.

G

I



i

-7 r

-m
c
u

o “
—

(Cnd)0 , , !

, 1 t $ , ,

/
I ,

L3 1.+ L5 /,6 1.7 18 i9 2-0 2.1 22
f.] ,!2 flech number

Fi~ 20.- The variation with &h number of the first-ofier apprw-

tion to the damf@ of the I_aterd-osci~tim in yaw forcow?l-eti-
~ no-w@-pwtiw-delta tailswith &pect ratios of 1,0, 1.5,
and2.0. The yawing axis is located at the tail apex.

.



NACATN”3240

-4

\

r

67

— 1, 1 v ,
1

L/ f.2 /.3 /.4 /.5 L6 17
Mach number

(b) %=1.5.

/./ /.{ L3 1.4 /.3
t+ech number

. .
(c) ~= 200.

Figure20.- Concluded.

—___._ .._ _______ .- —— . —— —



C&l

i


